ON THE EXPRESSION OF INTEGRALS BY
MEANS OF FACTORS®

Leonhard Euler

In the reduction of integrals to infinite series the Geometers until now were
mainly occupied both to understand the nature of series more clearly and
because of the very large use, which series have to find the values of integrals
approximately. But now in Volume 11 of the Novi Commentarii academiae
scientiarum Petropolitanae for the same reason I showed that the reduction
of integrals to products consisting of infinitely many factors is not less worth
to be developed with all care, and there I already gave many specimens of
these reductions, which seem to have a use not to be contemned in the whole
field of Analysis, even though the treatment was not sufficiently fleshed out
and ordered at that time. Therefore, it is advisable to resume this subject
again, that first I explain the foundations, on which it is based, more diligently,
but then expand many cases, which seem to be especially memorable, more
accurately.

But it should especially be noted that this way to express integrals can not be
given in general in such a way that it equally extends to all values, for which
task infinite series are mainly accommodated, but products can only be used
conveniently then, whenever the value of the integral is investigated only,
if to the variable a certain determined value is attributed. And it is indeed
not possible to assume this value ad libitum, but it must rather be of such
a nature, that it already in the differential formula enjoys a special property,
while reduces it either to zero or to infinity.

*Original title: ,De expressione integralium per factores “, first published in ,Novi Commentarii
academiae scientiarum Petropolitanae 6, 1761, pp. 115-154", reprinted in ,Opera Omnia: Series
1, Volume 17, pp. 233 - 267”, Enestrom-Number E661, translated by: Alexander Aycock for
the project , Euler-Kreis Mainz”



But cases of this kind are already especially remarkable with respect to the
remaining ones and in the practical applications are usually sought after, such
that in most cases the question is about finding the value of the integrals for a
certain cases of this kind. As if the quadrature of the circle is in consideration,
or the value of this formula | \/dL is desired in the case x = 1, or the value

of the formula ; +
itself becomes 1nf1n1te, here on the other hand it vanishes.

Therefore, to cover the subject in more generality, I will expand formulas of
two kinds here, which are

XM= 1
/xm_ldx(l—x ¥ and / ax ,
14 xm)k

both of which I assume to be integrated in such a way that it vanishes
for x = 0. But then it is the idea to determine the only value of the first
integral [ x"ldx(1 — x”)k, which it obtains, if one puts x = 1; But I will only
investigate that value of the integral [ %, which it obtains in the case
x = oo. But it is evident that these cases of the integrals with respect to the
remaining ones enjoy such an eminent prerogative that they especially deserve
it to be expanded.

Although here seeking for elegance I omitted the coefficients, it is nevertheless
plain that these formulas extend equally far as if such coefficients would
have been added. For, a formula of this kind [ yy" 'dx(a — By")* having
put % = x" is manifestly reduced to the mentioned [ x"~'dx(1 — x")* and
therefore is to be considered not to extend further and by a similar reduction

this formula f (7 y+ By )yk is contained in the other f 1w ,1)k, whence it would
be completely superfluous to want to use these more complicated formulas

instead of our formulas expressed in simpler manner.

But even the one of the taken formulas is contained in the other, such that it
suffices to have treated only the one of the, which I will give here.

For, if one puts x = Y, it will be
Lry")n

(
m
1nl x" = / = and 2= dyn;
T 1ty (14ym)" x y(l+y")

having substituted which values one will obtain

1—x"




/xmfldx(l —x")f = / ( Y dy

having taken these integrals in such a way that they vanish having put x = 0
and y = 0; this condition is always to be understood here. Therefore, because
having put y0co it is x = 1, we will have the following theorem.

THEOREM 1
§1 The value of this integral formula

/xm’ldx(l — x™)k

in the case x = 1 is equal to the value of this integral formula
(1 + yn)k+1+%

The reason of this equality is that that form is actually transformed into this

one, if one put x = y _.
RO T ]

in the case y = oo.

The following theorem, which arises by a similar reduction, also has a lot of
utility, that I hence give it together with its proof.

THEOREM 2

§2 The value of this integral formula

/xm’ldx(l — x™)k

in the case x = 1 is equal to the value of this integral formula

even in the case y = 1.

Put x = (1 —y”)% that it is



" dx  —y"ldy
__ 4l — n m — _yn n - = = <Z
1—x"=vy", «x (I—y")» and . —

having substituted which values one will have

m-—n

xm—ldx(l - xn)k — _ynk—i-n—ldy(l _ yn) P

Let

Y = /ynkJrnfldy(l . yn)%

having taken the integral in such a way that it vanishes having put y = 0; but
then having put y = 1 let Y go over into A. Since now those formulas must be
integrated in such a way that they vanish having put x = 0, in which case it is
y =1, it will be

/xm_ldx(l - =A-vY.

Now put x = 1, in which case it is y = 0 and hence Y = 0, and our integral
formula will become = A or the integral [ x" 1dx(1— x")k in the case x = 1
will be equal to the integral [y +"~1dy(1 —y")""" in the case y = 1. Q.E.D.

COROLLARY 1

§3 Therefore, since these three formulas

m—1 n\k ym_ldy nk+n—1 A=
L[ ldx(1—xmf, o [ LY om [z dz(1—z")"
(1 + yn)k—i-l-l—;

depend on each other in such a way that the first goes over into the second

having put x = 0 : T but having put x = (1 —z")# it goes over into the
+ym)n

third taken negatively, it is manifest, as often as one of these was integrable

absolutely that so often also the remaining two will be absolutely integrable.

COROLLARY 2

§4 But the first is absolutely integrable, as it is perspicuous per se, if k is a
positive integer number, whatever number is put for m. Nevertheless, only



the cases are excluded, in which m becomes equal to a certain number of this
progression

0, —-n, —-2n, -3n,---—kn;

for, in these cases a part of the integral will depend on logarithms. Therefore,
these cases to be excluded reduce to this that the absolute integration succeeds
while k is a positive integer number, if —* is a positive integer number either
smaller than k or equal to k, or if k + 7! is not a positive integer not greater
than k.

COROLLARY 3

§5 In similar manner the second form will be integrable, if —k — 1 — “ was
a positive integer number, say i; but the cases are excluded, in which —7
equally is a positive integer number not greater than i. Or if w denotes an
arbitrary positive integer number from this series 0, 1, 2, - - - i, the cases are
excluded, in which it is —% = w.

COROLLARY 4

§6 But the third formula will be absolutely integrable, if *--* was a positive
integer number, say i; but the cases are excluded, in which itis -k — 1 = w,
while w denotes any arbitrary positive integer not greater than i.

COROLLARY 5

§7 Therefore, having noted this the formula [ x™~1dx(1 — x")* will be integ-
rable absolutely in the following cases, in which i denotes an arbitrary positive
number, but w denotes an arbitrary positive integer number not greater than
i

I If k=i and nevertheless not — m_ w.
n
m It —k—-1- % =i  and nevertheless not — % =w (or —k—1=uw).
m—n
. If = and neverthelessnot —k—1= w.



COROLLARY 6

§8 But it is manifest that these same cases of integrability will hold in this
further extending formula [ x™~dx(a 4+ bx")*, for which the proof is equally
valid. And from these three conditions the cases of integrability of all formulas
of this kind can be distinguished.

Although these do not extend to my actually contention, it nevertheless, since
they easily follow from the two theorems mentioned in advance, did not seem
to be out of place to add them here. Therefore, now I proceed to the true
foundation of the subject, which is based on the reduction of the integrals to
other forms. To explain this more distinctly, I contemplate this algebraic form

x*(1—x")7T =P,
having differentiated which I obtain
dP = ax® dx(1 — ™) — ynx® " dx(1 — x")7 7L,
which can still in other ways be split into two terms, as
dP = ax* tdx(1 — x")7 1 — (a + yn)x* T dx(1 — x")7 L
But then if in the last term for x” one writes 1 — (1 — x"), the first form will
give
dP = (a +n)x* tdx(1 — x")7 — ynx® tdx(1 — x")771,

but the second on the other hand reduces to the same. Hence by integrating
we will obtain

P=latm) /xaildx(l —x")7 'Y”/xlex(l —x")7

Since these integrals must vanish having put x = 0, it is necessary that in the
same case P = x*(1 — x")7 vanishes, what certainly always happens, if « is
am arbitrary positive integer. For, if 7y also was a positive integer, it is evident
that having put x = 1 also in this cases it is P = 0; hence we find the following
theorems.



THEOREM 3

§9 If a and -y were positive numbers and after the integration one puts x01, one
will have the following equalities of the integral formulas

L tx/x“’ldx(l —x"7 = 'yn/x’”"*ldx(l — "),
1I. oc/x"‘_ldx(l — x”)'y‘1 = (a4 yn) /x“+n_ldx(1 - xn)7—1,

L (a+yn) /x""ldx(l — "7 = 'yn/x""ldx(l — ML

PROOF

For, since after the integration one puts x = 1, for this cases in the superior
formulas it is P = 0 and hence clearly the equations propounded here follow.
Q.E.D.

COROLLARY 1
§10 Each of these three equations is already contained in the two remaining

ones, whence they will be comprehended in this form

i/x"‘*dx(l—x”)” =
Yn

o
a+yn

/xlx—i—n—ldx(l _ xn)'y—l — /xtx—ldx(l _ xn)'y—ll

or the three following integral formulas will be equal to each other

1 /x“*"‘ldx(l — )7l = 1 /x”‘_ldx(l —x")7 =

o n

1
o+ yn

/x“‘ldx(l —x")7 L
if certainly a and <y are positive numbers.

COROLLARY 2

§11 Since by Theorem 2 it is

/xm—ldx(l o xn)k — /xnk-i-n—ldx(l . xn)m;"



having likewise put x = 1, one will obtain an equality between these six
integral formulas

1 1
L f/x“””dx(l —x")771, IL. —/x"‘*ldx(l —x")7,
o yn

1 1 a
TIl. /x”‘_ldx(l T \ /x’”_ldx(l TS
®+yn o
1 a—n 1 a—n
V. —/x””’*”’ldx(l —x")w, VL /xm’ldx(l —x") T,
Tn o+ yn

as long as the exponents « and <y were positive.

COROLLARY 3

§12 If « was an infinite number, it will be

/xntJrnfldx(l o xn)’yfl — /xafldx(l o xn)’yfl

and for the same reason it will be

/xochanldx(l eyt = /xszrnfldx(l eyt = /xzxfldx(l — 1,
whence it is concluded in general that it will be
/x"‘ﬂ‘_ldx(l — M = /x"‘_ldx(l — X",
as long as y was a finite number and « infinite.

COROLLARY 4

§13 In similar manner, if v was an infinite number, it will be

/x""ldx(l —x")7 = /x""ldx(l —xMrt

and in the same way it will be

/x”"ldx(l — X" = /x”"ldx(l —x")7,

whence it is concluded in general that it will be



/x”"ldx(l — ") = /x”‘*ldx(l —x")7,

if v was a finite number and 7 is infinite.

PROBLEM 1

§14 If m and n are positive numbers and i denotes an arbitrary positive integer, to
define the ratio of the formula

/xm—ldx(l . xn)k—l
to the formula
/xmfldx(l o xn)k+1
in the case x = 1.
SOLUTION

Since it is [§ 9, II1]
_atyn

/x“’ldx(l —x")71
yn

by putting m and k for « and v it will be

/x"‘*ldx(l —x")7,

/xm_ldx(l —x")kl = m Ij—nkn /xm_ldx(l —x™Mk

if now while @ = m one puts v = k 41, y will be a lot more positive number,
since k is such a one, and hence in similar manner one will have

/xm_ldx(l —x")k = mr kT n ?;(:’fj_)i)n /xm_ldx(l — X"kt
and by proceeding in the same way it will be
/x’”fldx(l e &(f;)j)n /xmfldx(l — x")H2,

Therefore, hence it is concluded in general while i denotes an arbitrary integer
number that it will be




[ dx(1—x)Y  mtkn m+kn+n m+kn+2n m4kn+3n  m+kn+in
[ xm=1dx(1 — xm)kti — kn kn+n kn +2n kn + 3n kn+in

QEL

COROLLARY 1

§15 Since it is [§ 11]

m—n

/x""ldx(l — xRl = /x”k’ldx(l —x")

and hence even

m—n

/xm—ldx(l o xn)k-‘ri — /xkn+in+n—1dx(1 _ xn) - ,

it will also be

kam—ldx(l_xﬂ)"’;” _m+kn m+kn+n m+kn+2n  m4kn+in

xkntintn=1gy(1 — xn)"5" kn kn+n kn 4+ 2n kn +in

COROLLARY 2

§16 If here one puts kn = y and % = s or m = »n, such that now y and »
are positive numbers, one will have this reduction

St dx(T—x")*"Y  u+sm p+sm4n p+x+2n  p+xn+in
[ amtintn=lgy(1 — xm)=1 ptn pu+2n p+in

but having written m and k for the letters p and s it will be

S dx(1— xS mtkn m+knd+n m+k+2n  m+kn+in
[ amtintn=lgx (] — xn)k=1 m+n m+2n m+in

10



COROLLARY 3

§17 If this expression is divided by the expression found the problem, it will
arise

S ldx(L =2 kn kn4n kn42n  kn+in
[amtintn=lgy(1 —xm)k=1 " m m+n m+2n m+in’

in which factors so the numerators as the denominators proceed in an arith-
metic progression whose difference is = n.

PROBLEM 2
§18 To express the value of the formula

/xm—ldx(l _ xn)k—l/
which it obtains in the case x = 1, by means of infinite products, if certainly the
exponents m and k are positive.
SOLUTION

In the form of the preceding problem set the number i to be infinite and one
will have

[ dx(1—x1  mtkn m+kn+n m+kn+2n m+kn+3n
[ xm=1dx(1 —xm)kti — kn kn+n kn + 2n kn + 3n

-etc. to infinity.

Now while i still is the same infinite number instead of k take another finite
number s and in similar manner one will have

Samdx(1—x")*"1  mtsn m+sxn+n m+sn+2n m+xn+3n
[xm=ldx(1—xm)=t — xn nxn+n xn +2n »n + 3n

etc.,
where the number of factors is equal to the number of factors of the preceding

expression. Of course, in both cases = i + 1. But because of the infinite i it is,
as we noted in § 13,

/xm—ldx(l o xn)k+i — /xm—ldx(l o xn)%+i’

11



hence having divided the first form by the second it will arise

[am (1 —x")Y se(m4kn) (se+1)(m+kn+n) (¢4 2)(m+kn+2n)

Jam=dx(1— x>0 k(m+sm) (k+1)(m+sen+n) (k4 2)(m+ xn+2n) ete

m

Now set > = 1 and it will be fxm_ldx(l — x>l = r = % having put
x = 1, whence it will be

1 I(m+kn) 2(m+kn+n) 3(m~+kn+2n) 4(m+kn+3n) ;
“m k(m+n) (k+D)(m+2n) (k+2)(m+3n) (k+3)(m+4n)

/x""ldx(l — x”)k’1
QEL

ANOTHER PROOF

In similar manner treat the form found in § 16 by setting i to be an infinite
number and it will be

[amtx(1—x)Y mtkn m4kn+n mAkn+2n m+kn+3n

- = tc.
[ amFin=lgx(1 — xm)k=1 m m+n m+2n m+an o
Now having put another finite number y for m it will in equal manner be
[t Yx(1—x")1 utkn p+kn+n p+kn+2n p+kn+3n otc

[ xpFin=lgx(1 — xn)k-1 " p4n 1+ 2n 1+ 3n

But because it is because of the infinite number i

/xm+in—1dx(1 _ xn)k—l — /X;H-in—ldx(l _ xn)k—l — /xi”dx(l . xn)k—l

while the finite quantities vanish with respect to the infinite ones, and since in
both of them one has the same number of factors, by dividing the first form
by the second it will arise

[ amdx(1 — x™)k1 _ u(m+kn) (ptn)(m+kn+mn) (p+2n)(m+kn+2n) etc
[xrldx(1—xm)ke=t m(p+kn) (m4n)(p+kn+n) (m+2n)(p+kn+2n)

12



Now set y = n; it will be

_ 4 11 —xm)f
n—1 dx(1 — x" k=1 _
/ * x(1=x7) kn
having done the integration in such a way that the integral vanishes for x = 0.
Now having put x = 1 this value goes over into -, whence one will obtain

e ak—1 1 1m+kn) 2(m+kn+n) 3(m+kn+2n)
/x dx(1-an) = m(I+k) (mim@+k) mianBrk) o

Therefore, lo and behold another product consisting of infinitely many factors
not very different from the first and even equal to it, by which the value of
the propounded integral formula is expressed. Q.E.L

COROLLARY 1

§19 But that these two forms running to infinity are equal to each other is
clear per se; for, having divided the second by the first because of the equal
numerators of the single terms it arises

m k(m+n) (k+1)(m+2n) (k+2)(m+3n)

_m _ - etc.
kn m(k+1) (m+n)k+2) (m+2n)(k+3) etc

But the first two factors give‘ %, the first three %/ four nnZl:fg) and

infinitely many give n"(l,:r ff) = il,fiﬁ =1

COROLLARY 2

§20 One can form infinitely many infinite products of a form of this kind,
whose value is = 1. For, since it is

p ptq p+t29 p+3q _ p _p
p+q p+29 p+3q p+4q p+iq g
r+s r+2s r+3s r+4s _r+is_is
r  r+s r+2s r+3 r 1’

by multiplying these two forms we will have

_qr plr+s) (p+q)(r+2s) (p+29)(r+3s)

. . - etc.

“ops r(p+q) (r+s)(p+2q9) (r+2s)(p+3q)

13



COROLLARY 3

§21 Therefore, if the found value of the integral formula is multiplied by
this expression = 1, the following further extending expression equal to it
will arise, namely

/xm’ldx(l — x")k1
qgr  1(m+kn)p(r+s) 2(m+kn+n)(p+q)(r+2s) 3(m+kn+2n)(p+2q)(r+3s)

“knps mk+Dr(p+q) (m+n)(k+2)(r+s)(p+2s) (m+2n)(k+3)(r+2s)(p+3q)
where it is possible to assume any arbitrary numbers for p, g, r, s. Therefore,

they can be assumed in many ways that each arbitrary factor is reduced to a

simpler form.

COROLLARY 4

§22 Let p =m and q = n and it will be

/x’”_ldx(l - x“)k_1

_ v Ym+kn)(r+s) 2(m+kn+n)(r+2s) 3(m+kn+2n)(r+3s) - etc
mks (m+n)(k+1)r (m+2n)(k+2)(r+s) (m+3n)(k+3)(r+2s)

which is the expression found first. But if it is ¥ = m 4 kn and s = n, it will be

/xm_ldx(l—x”)k_l _m+kn 1(m+kn+mn) 2(m+kn+2n) 3(m+kn~+3n) etc
mkn  (m+n)(k+1) (m+2n)(k+2) (m+3n)(k+3)

COROLLARY 5

If one puts p = k+1and g = 1, it will be

/x’”_ldx(l —x“)k_1
r 1(m+kn)(r+s) 2/m+kn+n)(r+2s) 3(m+kn+2n)(r+3s)

- k(k+1)ns — mr(k+2)  (m+n)(r+s)(k+3) (m+2n)(r+2s)(k+4) retes
further, let » = 1 and s = 1; it will be
_ _ 1 2(n+kn) 3(m+kn+mn) 4(m+kn+2n)
m—1 k=1 — . . . . .
/x dx(1—") K+ Dn mk+2) mtn)(k+3) (mt2n)k+4a)

14

-etc.,



but if one puts r = m + kn and s = n, it will be

/xmfldx(l—x”)k’lz m+ kn .1(m+kn+n)'2(m+kn+2n).3(m+kn+3n)'etc'
k(k+1)nn  m(k+2) (m+n)(k+3) (m+2n)(k+4)

COROLLARY 6

§24 If while the exponent k remains the same we change the remaining
exponents m and 7 to y and v, we will have

1 A(ptkv) 2(pt+kvtv)  3(p+kv+2v) - ete
Tu (p+vk (pr2v)(k+1) (p+3v)(k+2) 7

/x”_ldx(l — x¥)k-1

as long as y, v and k are positive numbers. Therefore, having divided that
form [§ 17] by this one we will have

[ dx(1 — xm)t B (ptv)im+kn) (p+2v)(m+kn+n) (p+3v)(m+kn+2n)

[xrtdx(1—xv)c1  m (m+n)(u+kv) (m+2n)(p+kv+v) (m+3n)(p+kv+2v) ere

COROLLARY 7

§25 But even if in the other form k is changed to s, one will have

[ xmtdx(1 — x")k1
J xr1dx(1 — xv)=1

_n x(ptv)(m+kn) (e+1)(p+2v)(m+kn+mn) (5+2)(p+3v)(m+kn+2n)

T k(m+n) (it ow) (k1) (m+2n)(u+ v +v)  (k+2)(m+3n)(u+ v +2v) O

having put x = 1 after the integration and while all exponents m, n, k and ,
v, » are positive.

SCHOLIUM

§26 Having explained these conversion of integral formulas into infinitely
many factors let us see vice versa, how a propounded infinite expression of
this kind proceeding by means of factors must be reduced to integrations
of formulas in the case x = 1. Here it is especially to be considered of how
many factors the terms, which constitute this infinite product, are composited;

15



these terms first must only be of such a nature that the infinitesimal terms go
over into the unity. For this aim they will be fractions and will consist of a
certain number so of numerators as of denominators and in both of them they
will proceed through the single terms in an arithmetic progression; for, even
though the different parts obtain different differences, they will nevertheless
easily be reduced to the same. Therefore, because there is no obstruction that
this difference is constituted equal to the unity, for the different numbers of
factors of each term we will have the following orders of infinite products of
this kind

a a+1 a+2 a+3 a+4 a+5

b bl bi2 b+3 btd bt5 &
E.(a—kl)(c—kl).(a—i—Z)(c—i-Z).(a—i—3)(c—|—3).etC
be (b+1)(e+1) (b+2)(e+2) (b+3)(e+3) 7
acf (a+1)(c+1)(f+1) (a+2)(c+2)(f+2) ete.,

( ( (
beg (b+1)(e+1)(g+1) (b+2)(e+2)(g+2)
acfh (a+D)(c+D(f+1(h+1) (a+2)(c+2)(f+2)(h+2)
begk (b+1)(e+1)(g+1)(k+1) (b+2)(e+2)(g+2)(k+2)

Therefore, let us see, how the value of each of each of these products is to be
expressed by integral formulas.

etc.

PROBLEM 3

§27 To define the value of the following infinite product consisting of simple terms
by means of integral formulas
~a a+1 a+2 a+3 a+4 a+5

P = o1 32 b3 pra brs S

SOLUTION

While i denotes an infinite number we saw [§ 16] that it is

S dx(1—x")Y  mtkn m+kn+n m+kn+2n
[ xindx(1—xm)k=1 " m m-+n m—+2n

etc.,

16



which form will be reduced to the propounded one by puttingn =1, m +k =
a and m = b, whence it is k = a — b. Therefore, because k must be a positive
number, if it was a > b, it will be

B [ xb=Ydx(1 —x)*b-1 B [ x 0 dx(1 — x)b 1
o xdx(1—x)e bl [xebelgy(1—x)t

but if it is b > a, it will be inverse

p_ [xidx(1—x)b=o"1 [abme gy (1 — x)f
- [xvldx(1 - x)bmel o [xbma-lgy(1 — x)a 1

QEL

COROLLARY 2

§28 But it is manifest, if a > b, that the value P will be infinite, butif b > a4,
that it will be P = 0. But in the case 2 = b it is P = 1; since the case equally
extends to both of the explained ones, it is evident that it is f xﬁ:zx = ’ffi,
which integrals in the case x = 1 certainly become infinite in such a way that
the obtain the ratio of equality. But in general it is

xldx xb—1dx
1—x 1—x"
PROBLEM 4

§29 To define the value of the following infinite product consisting of duplicated
terms by means of integral formulas

_ac (a+1)(c+1) (a+2)(c+2) (a+3)(c+3)

be b+1)(et1) (b+2)(et2) (b+3)(erd) ¢
SOLUTION
Since by § 24 while m, n, k, i, v denotes positive numbers it is
(n+v)(m+kn) (p+2v)(m+kn+n) _om [ hdx(1 - xRl

(m+n)(p+kv) (m+2n)(u+kv—+v) e = po [t ldx(1— xv)k-1’

17



outn =1L, v=1Luy+l=am+k=c,m+1=0> u+k=e; it will be
pu=a—1,m=b—1landk=c—b+1=c—a+ 1 Hence, that this form can
be reduced to the propounded form, it is necessary thatitis c —b = e —a;
for, if this condition does not hold, the value of the propounded product P
would be either infinite or vanishing. That this inconvenience does not occur,
letc—b=e—aora+c=>b+e andaslongasa—1,b—1landc—borc—1
are positive numbers, it will be

Cb—1 [xPAx(1—x)?

P= . .
a—1 [x2dx(1—x)c

Or consider this form

u(m+kn—n) (u+v)(m-+kn) mA4kn+—n [x" tdx(1—x")k1

m(p+kv—v) (m+n)(u+kv) o= pu+kv—v [ xptdx (1 — xv)k-1’
which clearly follows from that one, and putn =1, v =1,y =a, m = b,
c=m+k+lande=pu+k—1anditwillbe k —1 = c — b = e — a; therefore,
it must again be a + ¢ = b 4 e. Therefore, now, as long as a, band ¢ — b+ 1 or
e —a+ 1 are positive numbers, it will be

o [t ldx( - x)?
e [xrldx(1—x)

Therefore, as often as it was a 4 ¢ = b + ¢, the value in question P is finite and
becomes known by these integral formulas in the case x = 1. Q.E.L

p

COROLLARY 1

§30 Sinceitisa+c = b+e, if itisc > b, it will also be ¢ > a and a and
b in the first term 7 denote the smaller factors of the numerator and the
denominator. But it is required that ¢ — b + 1 is a positive number. Hence, if
also ¢ — e + 1 is a positive number, the value P can additionally be expressed

in another ways, namely by permuting b and e this way

o Jxldx(l-x)
b [xtldx(1— x)be

p

18



COROLLARY 2

§31 And each of these formulas will hold

p_°¢ [xldx(1—x)¢ ¢ [xP7ldx(1
b [arldx(1—x)be e [xe-ldx(1—
a [abldx(1x)"
e [asldx(1—x)e e
The first of them holds,ifc—e+1=b—a+1is > 0, thesecond,ifc—b+1 =

e—a+1 >0, the third, of a—e+1 =b—c+1 > 0, and the fourth, if
a—b+1l=e—c+1>0.

COROLLARY 3

§32 The first and the second form will hold at the same time, if the difference
between a and b is smaller than the unity and hence also between ¢ and e.
And all for will hold at the same time, if additionally the difference between a
and ¢ was greater than the unity.

COROLLARY 4
§33 Therefore, if one putsa =p+m,b=p+n,c=p—-—mande =p—n,
thatitisa+c=0b+e =2pand it was m +n < 1, it will be

Cp—m [P ldx(T—x)"" pm [ aP " (1 — x)mn
Cop4n [artrldx(T—x)ymr o p4n [ xpomldx(1— x)ntm
(1-x) (1—-x)
(1-x)

Cp—m [P ldx(T—x)"" pm [aPtldx
S op—n [artrldx(T—x)mn o p—n [P ldx(1—x)nom

And these four formulas will be equal to each other.

P

PROBLEM 5

§34 To express the value of the following infinite product consisting of triplicated
factors by means of integral formulas

_acf (@+1D)(c+1)(f+1) (a+2)(c+2)(f+2) ete.

~beg (b+1)(e+1)(g+1) (b+2)(e+2)(g+2)

19



SOLUTION

Since in § 25 we found

s(u+v)(m+kn) (e+1)(p+2v)(m+kn+n) o [ amtdx(1 — x™)k-1

k(m+n)(p+sev) (k+1)(m+2n)(p+sv+v) ete. = ﬁ ' [ xrldx (1 — xv)=-1’

by also adding the term of he preceding it will be

(e —Vu(m+kn—n) s(p+v)(m+kn) . =D (m+kn—n) [x" dx(l—x")?

(k= Dm(u+ v —v) km+n)(ptsev) (k=) (p+xv—v) [xrlde(l—x")=1

that this form is reduced to the propounded one, set

and

m+k—1=e+b=f, u+x—1=c+a=g.

Therefore, since this reduction does only succeed under this condition, let
f =b+eand g = a+c, that one has this infinite product

P_ac(bJre)'(a+1)(c+1)(b+e+1)'(a+2)(c+2)(b+e+2)‘ "
T be(atc) (b+D)letatctl) (@+2)et+2)atctz) °C

Hence, because in this caseitism =e,k =b+1, y = c and » = a + 1 while
n=v =1, it will be

p_ a(b+e) [xldx(1—x)°
T blatc) [ x*=1dx(1 —x)*’

as long as ¢, e, b+ 1 and a + 1 are positive numbers. Q.E.I

COROLLARY 1

§35 Since by means of § 9 it is

/x“‘ldx(l —x)r = “?’—Tf}/ /x”‘dx(l —x)"7L,
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it will be

/xe’ldx(l —x) = b+2+1/xedx(1 —x)b

and hence

ac(b+e)(b+e+1) [xdx(l—x)°

Cbe/atc)(a+c+1) [xdx(l—x)7

And because it is

/x"‘_ldx(l —x)" = ﬁ /x"‘_ldx(l —x)"7L,

it will be

b
e—1 Y e—1 b1,
/x dx(1—x)" = e /c dx(1—x)""";

one will also have

[ ldx(1—x)0!

P= .
[ xe=1dx(1 — x)a1

COROLLARY 2

§36 But this formula holds, as long as 4, b, ¢ and e are positive numbers, and
since now a and ¢, likewise b and c, can be permuted, it will also be

[ xPx(1 = x)e !
~ [xrldx(1— x)e

which conversion is also manifest from Theorem 2 per se.

P

SCHOLIUM 1

§37 Therefore, the propounded problem is not solved in general, but only in
the case, in which f = b+ e and ¢ = a + ¢, and so our solution is restricted by
two limitations. But indeed only one restriction is necessary, that the value
of P does not become infinite or vanishing, by which it is required that it is
a+c+ f = b+ e+ g. But to solve the problem for this one limitation, it is
necessary to introduce more integral formulas into the calculation, which can
be done this way. Therefore, having put a +c+ f = b+ e + g since it is
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acf (a+1
P=_—.
beg (b+1
set P = QR and let

S— | ~—
—|
R
+|+
—_
S— | —
|
oQ ™
+
e
S— | ~——
—|
SIS
+|+
NN
S— | —
—|
a
NN
SN— | —
|
~~
N
SN— | —

g Prop=1) (prg+p-q+l) . prq [P ldx(l—x)T

(p+r)p—1) (p+r+1)(p—r+1) CopHr [apmaldx(1— x)at

_ay(Bte) (@+D(y+D)(B+et+l) _ P a1 —x)

T Belaty) BrDEFD(@ty 1) 0 [xeldx(l—x)r !

Now let the first term of the product QR become equal to the first terms of
the propounded form P, namely

ay(B+e)(p+aq)(p—q) _ acf
pea+)(p+r)(p—r)  beg’
which can be done in many ways. For, that first terms can be reduced to three
factors in several ways; of course, put f +& = p+rand a + = p + g, that
onehasg=wa+y—pandr = pB+¢e—p, and it will be

ay(2p—a—7y) _ acf
Be(2p — B —¢ beg’

Therefore, if one sets

«a=a, Pp=b y=ce=e and 2p=a+c+f=b+e+g

itwillbe g =a+c—pandr = b+e— p. And so no other restriction is
involved here than that itis a +c+ f = b+ e+ ¢ = 2p. Therefore, for this
case the value of the propounded infinite product will be

_a +c f x2p7b7e71dx(1 _ x)ﬂ+b+C+€72p f xbfldx(l _ x)efl
T b+e f x2pfa7c71dx(1 _ x)ﬂ+b+€+872p f xa—ldx(l _ x)c—l’

where now so the letters a and c as b and ¢ can be permuted arbitrarily.
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In another way set v = p +r and € = p — g that it is

a(B+e)p+q) _ acf

Bla+y)(p—r) beg

Now let

x=a, Pp=b e=c—b y=e—ug
it will be

g=p—c+b and r=e—a—p
and hence

f=2p—c+b and g=2p—e+a.
But if the sum is puta+c+ f =b+e+ g =s, it will be

a+b+2p=s and2p=s—a—>

and so

P+q:s—a—c:f, p—q:c—b, p+r=e—a,
p—r=s—b—e=g¢ and g+r=b+e—a—c.

And hence it arises

b S—a—c . f xsfbfefldx(l o x)bJrefufc ‘ f thldx(l o x)cfhfl
e—a [ xe=b1dx (1 — x)bte—a=c [ xa-lgx(1 — x)e-a-1’

where again so the letters 2 and ¢ as b and e can be permuted. Or because of
the many values of Q it will also be

b a8 ldx(1—x)tes [xbldx(1— x)ebd
e—a fxf*ldx(l — x)a+e—s f x“*ldx(l _ x)g7a71 .

But the formula found first by putting s for 2p goes over into this one

P

Catc [x8ldx(1—x)bte S [T ldx(1 - x)e!
Cbte [xfldx(1—x)btef  [xoldx(1—x)e 1
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SCHOLIUM 2

§38 Now, if all these permutations are applied, which are obtained for the
formula Q, and the following formula was propounded

_acf (a+D)(c+1)(f+1) (@+2)(c+2)(f+2)

Cbeg (b+1D)(e+1)(g+1) (b+2)(e+2)(g+2)

and it was a +c+ f = b+ e+ g, one will find the following values for the
value P, namely

b f f xefafldx

- etc.

(1 x)a+f e fxbildx 1 — x)e—b-1
g [xc b ldx(1— x)“+f ¢ [xtldx(1—
p__f [ x87ldx (1 — x)f~ [x0tdx(1—x)*

(1—x)

(1—x)

| (-2

e—a  [xc=0-1dx(1— )f & [xrldx(1— x)e a—1’

(1—x)8 (1—x)

(1—x)

(1—x)

(1—x)

xcul’

p_c—b. [ xemo" dx ) [ A1 - x)
g [ xf71dx(1— x)8~ [ xt1dx(1 — x)e—a-1’
P_c—b Jxddx(1—x) S [ xP=tdx(1 —x)°?
e—a [xfldx(1—x)" “—f [ x2=tdx(1 — x)e—a-1’
b f J‘xh-}—e—ldx(l )f b—e fxb—ldx 1 —x)e!

(1-x)

g [ xrteldx(1 — x)f~b—e ' [ x*ldx(1 —x)e= 1

b f [ x87ldx (1 —x)/=8 [ xb=tdx(1—x)e 1

T bte [ xeteldy(1 —x)f=8 [ xeTdx(1— x)e
(1-x)
(1-x)
(1-x)

atc [xbmeldx(1—x)87f [ abldx(1 - x)e!
g [ xf1dx(1— x)8~f [ xt1dx(1 — x)e-1
Catc [ ldx(1—x)P e [ad T ldx(1 - x)e !
Cb+e  [xfldx(1—x)bte S [xtldx(1—x)e
But further it is possible to permute so the three letters a, ¢, f as b, e, g here as

libitum, from which a very large amount of formulas, which are all equal to
the same value P, will arise.

SCHOLIUM 3

§39 Hence even for the simpler product

_ac (a41)(etD) (@+2)(et2)
be (b+1)(e+1) (b+2)(e+2) 7
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if it was a 4+ ¢ = b + ¢, except for the values found above one will even be able
to exhibit many others. For, first, since it is a + c = b + ¢, the value found in
problem 5 extends to this

[ ldx(1—x)0 !
~ [xeldx(1 —x)2
Further, if in the series of the preceding paragraph one of the letters 4, ¢, f

is set equal to one of b, ¢, g, either this same expression or others will be
obtained, which with the preceding ones will be

P

p_ fxe—ldx(l _ x)a—e—l p_ f xb—ldx(l x)a—b—l
[ xe1dx(1 — x)b-e 1’ [ xe1dx(1 — x)e—c-1’
p_ f xefldx(l _ x)cfefl p_ f xbfldx(l x)cfbfl
[ x*=1dx(1 — x)b-a-1’ [ x*=1dx(1 — x)e—o-1’
p_ [ xP=tdx(1 —x)°! p_ [ xP=tdx(1 — x)e b1
[ x*=1dx (1 — x)e-1’ [ x*1dx(1 — x)e—2-1’
where it is

e—a=c—b and c—e=b—a.

In the following 7 is an arbitrary number:

p_ [ xe dx (1 — x)nra—erd ' [ " dx(1 — x)enl
[ xemn=1dx (1 — x)ntbme=l [ an=1dx(1 — x)en-1’
p_ f x”+b71dx(1 _ x)c—b—n—l ' f x”fldx(l _ x)b—l
f x”*“*ldx(l _ x)cfbfnfl f x”fldx(l _ x)afl’
p_ [ x¢7ldx(1 — x)ntb=el NEES x)b-1

f xcfldx(l — x)n+b7c71 fx”*ldx(l — x)afl’
[atx(1—x)"t [xP-ldx(1—x)t  [xb~ldx(1—x)e !
[xeldx(1—x)a=1 [xtlde(1—x)n=1  [xcTdx(1 —x)a-1’
which last is already contained in the preceding ones. But here it is to be
noted that is would be superfluous to define the ration of the exponents here
as it was done above. For, since P certainly is a finite value, if a + ¢ = b + ¢, if
a certain of the integral formulas has negative exponents below —1, then it is
possible to reduce them to greater one and then the true value of P will be
obtained. But simpler formulas are contained in this theorem.

P =
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THEOREM 4
§40 Ifitwasa+c=Db+e =s, then it will be

S dx(1—x)t [ a0 ldx(1 — x)sTebd
[xb-ldx(1—x)e-t [ xb-ldx(1—x)s—a-b-1"

if after the integration one sets x = 1.

PROOF

For, from the preceding formulas it is

[l dx(1—x)t [xoldx(1 — x)ebd
[ab=ldx(1—x)=t  [xb-ldx(1—x)e-a-1’

But becauseof a +c =b+e =sitisc = s —a and e = s — b, whence it will be

c—b=e—a=s—a-,

whence the propounded formula is constructed. Q.E.D.

COROLLARY 1

§41 Here it is possible to permute so the numbers 4 and c as b and ¢, whence
one obtains four integral formulas equal to the first, namely each single of
these formulas

f xufldx(l _ x)sfafbfl f xufldx(l _ x)sfafefl
f xb—ldx(l _ x)s—a—b—l’ f xe—ldx(l _ x)s—a—e—l
f xc—ldx(l o x)s—b—c—l f xc—ldx(l - x)s—c—e—l
f xb—ldx(l _ x)s—b—c—l’ fxe—ldx(l _ x)s—c—e—l

is equal to this form

[ 2 dx(1—x)e 1
[ xb=Tdx(1 — x)e- 1
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COROLLARY 2

§42 But the value of each of these formulas is equal to this product consisting
of infinitely many factors

be (b+1)(e+1) (b+2)(e+2)
ac (a+1)(c+1) (a+2)(c+2)

COROLLARY 3

§43 Ifitise=1and hence b =5 —1, a =s — ¢, having put

le(s—l)‘ 2-s . 3(s+1) - ete
c(s—c) (c+1)(s—c+1) (c+2)(s—c+2) '
because of
/xb_ldx(l —x) = /xs_zdx -
s—1
it will be

P=(s—1) /xs’c’ldx(l —x)7t,
P=(c—1) / 2 ldx(1— x)2 = (s — 1) / 2y (1 — x)¢

P=(s—c—1) /xcfldx(l —x)57¢72,

(1 —x) [ x ldx(1—x)

b= [x572dx(1 —x)es  [x52dx(1—x)¢ =(6-1) /xsjcjldx(l SR

SCHOLIUM

§44 But since I exhibited many comparisons of integral formulas of this kind,
here I want to persecute some - with respect to the others - more notable
values and want to show, how they can be expressed by means of integral
formulas. But mainly those infinite products are remarkable, by which the
sines and cosines of a certain angle are expressed. For, while p denotes the
right angle and ¢ an arbitrary angle it is known that it is

L <P<0>< 9090)( 9090)( qogv)
sing=¢|1—- "L 1 - 1= 1 - 1= 1— -1 | -etc
i ( 4pp 16pp 36pp 64pp
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and

cos¢:<l—(£:f) (1—;0()(2) <1—W> <1 (P(P)-etc.

2500) \"
Now, if one puts ¢ = 77 p, it will be

49pp0
(1—%) (1—%) (1- s ) -etc.:nzlpsinj:p,

36nn
(1= 50) (17 ) (17 35 ete = cos T

Or if the angle equal to two right ones 7 is introduced and because of p
for m one writes 2m, by expanding the factors it will be

Il
.
B

(m—n)(n+m) (2n—

‘ m)(Zn%—m).(3n—m)(3n—i—m)'etC _n M
n-n 2n-2n 3n-3n " omm on
(n—2m)(n+2m) (3n—2m)(3n+2m) (5n—2m)(5n +2m) ete. — cos
n-n 3n-3n 5n-5n o n’
But by reducing the differences to the unity it will be

m m m m
e+ B- f)( +4) .
n n n n -
1-1 2.2 3. BT A
1_m\(l_ 4 m 3_m\ (34 m
(2 nl) (12 + n) . (2 nS) (32 + n) .etc. = cos — 7T
2°2 2°2

1 PROBLEM 6

§46 To find the integral formula, whose value in the case x = 1 yields sin ™ 7t

SOLUTION
Because it is
Lsinﬂn: (1_%) (1+%) . (2—%) (2+%)
mi. o n 1-1

- etc.,
2.2
compare this infinite product to the general form
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be (b+1)(e+1) (b+2)(e+2)
P=—- : -etc.,
ac (a+1)(c+1) (a+2)(c+2)
whose value was exhibited in several ways by integrals formulas in § 41.
Therefore, one has to set

a=1, c=1, b:1—ﬂ and e:1+m
n n

and itwillbe s =a +c¢ = b+ ¢ = 2, but then

s—u—b—lz—l—i—m, s—a—e—lz—l—m,
n n
s—b—c—lz—l—l—ﬂ, s—c—e-1=-1-"
n n

Therefore, hence for P the following expression follows
o [fdx(1—-x)° 1
[xdx(1—x)n  [xode(1—x)s’
to which all remaining ones are easily reduced. Therefore, this formula gives

/x%dx(l—x)*% :/(x”dxn __mr

1—x)n nmsinZm

and having put x = y" one will have

m+n—1 m—1
y dy mrt or /(y dy T

mo s M mo s M
(1_yn)n nnsin 7t 1_yn)n nsin -7t

Therefore, we find

Q.E.L

COROLLARY 1

§46 Therefore, by means of Theorem 1 this form [y 'dy(1—y") % because

ymfl dy

e and hence one will have

of k = —% is converted into this one f
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ym—ldy B T

1+y" nsinfin

in the case y = oo, which form because of the simplicity is especially remarka-
ble.

COROLLARY 2

§47 Therefore, we will be the two very remarkable equalities

/ my™— 1dy
nsin 2
having put y = 1 and
mm [ my™ ldy
nsinx ) 1+y"

having put y = oo, in which cases therefore the integral of each of both
formulas can be exhibited sufficiently conveniently.

COROLLARY 3

§48 Therefore, since having put x =1 and y = co it is

_/ A= 1dx ymfldy
nsin 2 (1—xm)i J 14y’

2m+m

if for m one writes 2in + m, because of sin 7t = sin 77t it will also be

21n+m 1dx XM 1dx T
/(1—x 2inm /1—xn ~ nsinZn

and

/yZm—l—m 1d]/ ym—ldy _ T
1+y" 1+y* nsinfim

while i denotes an arbitrary integer number.
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COROLLARY 4

§49 Since further while i denotes an arbitrary integer number, if for m one

writes 2in — m, it is sin &2 2’” " = —sin o, it will be

/ x2in7m71dx / xmfldx T
21;1 m = = m = - : m
(1—axm)™" (T —xm)n nsin -7t

and
yZm m— 1dy ymﬁldy T
/ 1+ y" 14+ y" :_nsin%n'
Further, if for m one writes (2i — 1) — m, because of sin Wﬂ =sin 27
it will be
/ x(Zi—l)n—m—ldx B / =14y B T
(1 — xn) =" B (1—x")%  nsinZm
/y21 1)n—m— 1dy ymfldy: T
14 y" 1+y*  nsinZnm’
Finally, in the same way it will be
/ x(2i—1)n+m—1dx - / =14y - T
(1 — xm) =" B (1—xm)%  nsinZn
/]/21 1n—m— 1d]/ ymfldy__ T
1+yn 1+y"  msinZn
COROLLARY 5
§50 Since the integral formulas [ % +yny occurs more often, it will be worth

one’s while to list its values for the principal cases having put y = oo. Therefo-
re, it will be
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dy T T T
1+12 = 2sin % =3 because of sin > = 1,

by _ m__ 2 because of sinz — @
1+y® 3sin T 3V3 3 5
1]/01]/3 = ‘71 T 27 because of sin 2?% = 73,

ty 3sin 5 33

dy T T

T+y5 4sinZ 2,2

/yzdy I S
T+y*  4sin3® 22

dy _/y3dy _om
J1+y>  J 144>  5sinZ’

ydy _/ vy o
1+y° 1+y> 5sin?t’
dy _/ vidy w1 om
1+y*  J 1+y* 6sinZ 3

and so forth.

PROBLEM 7

§51 To find the integral formula, whose value in the case x = 1 yields cos % 7t.

SOLUTION

Since it is

1_my(l,m 3_my (3 m

cos o — (2 nl) (12 +3) G n3) (32 +3) etc.,
" 272 272
compare the general form
be (b+1 1
P——e —( + (et )-etc.

“ac (a+1)(c+1)

to this infinite product and hence set
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a—l C_l b—l m e_1+m
2 M 2 n 2 n’

such thatitiss=a+c=b+e =1 and

s—a—b—lz—l—kﬂ, s—a—e—lz—l—m,
n n
s—b—c—1:—1+ﬂ, s—c—e—lz—l—m,
n n
And therefore it will be
x2dx(1—x)2 [dx:y/x—xx
= 1_m T m m_ 1
[xz7ndx(l—x)"27n [t 2dx
(1—x)2*7
Butitis [ \/% = 7t having put x = 1, whence it is
P = cos ﬂ7'( = "ZT T
X" 2dx
(1-x)2* 7
But by means of the remaining formulas of P one will have
1 m 1 m
x"2dx(1 —x) 1w x 2dx(1—x)" 1%
PZCOS*T(: f 1_m ( ) mo f 1, m ( ) m
n [xmz7wdx(1—x)" 1% [x2Tudx(1—x)" 1%
Q.EI

COROLLARY 1

§52 Put x = y? and the first form will go over into this one

m 7T
COS—Tl = ————
n 2 y%d}/
1+m
(I—yy)2"n

such that it is

2m
xndx 7T
I+m  Dcos i’
(1—xx)2"n n
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COROLLARY 2

§53 But on the other hand by means of Theorem 1 it is

m_1
/x%_%dx(l —x) I = yr—dy
1+y
having put y = co. Therefore, because it is
yiidy
1+y cos 7’
put y" for y and it will be
ym—i- sh— 1dy yzn m— 1dy
/ 14+ yn ncos 7T _/ 14y

COROLLARY 3
§54 If also the remaining formulas are converted by means of Theorem 1, it

will arise

/x*%dx(l x) 7 = y Zdy = yidy
A+y)its S 1y
Yy i dy _/y?f_ldy

AR ae(1 - x) 1 =
/x x(1-x) Jity Sty

having put y = co. Therefore, having put y" for y it will be

f ymfldy f yzn 1dy

e e L Ry (R L
cos — = ay = .

" [ =L fyz "y

£/ 1+y" T+yn

COROLLARY 4

§54[a] If for m one writes %n — m, because of

1 T .om
cos| =n—m ) — =sin—rt
2 n n
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one will obtain at first

T ytTdy
nsinwr ) 1+4y"

as before; but the remaining formulas will give

f y%n—m—ldy f y%n—ldy
(

omm ) (R Ty 7
sm n - (ln%m)—l - :l/"}'/fl)dy
[P s
14+y" 14y

and since for the cosine it is possible to take a negative m, it will also be

f yzn m— 1dy y%nfldy

sin ™7 _ 1+y (1+ym)
n f ym 2” 1dy f yn m— 1dy.

/1ty Vity"

COROLLARY 5

§55 But on the other hand it is also possible to find another formula for the
cosine from the preceding problem. For, since having put 2m for m it is

N e
nsin%’”n_Znsin%ncos%n_ 14y
and
ymfldy_ T

1+y*  nsin?n’

if this form is divided by that one, we will have

ymfldy 1 ym—ldy
2 cos L cos o= 2 / Iy
n yZm 1dy n f yZm—ldy

1+y" 1+y"

COROLLARY 6

§56 Therefore, lo and behold the many integral formulas, which in the case
y = oo yield sin 7 7t:
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l117mfl yZ” 1dy
[ y2 dy f

1+y" l+y
I ym ldy II yn—meldy 4 III yn m— 1dy
n f 1+y" 2 f 1+y" f T+y"
f ym 2” ldy f y%n—ldy f yzn m— 1dy
(1+ THyn) (1+ym)— 7
A/ €D KA VAR 0 S v [ 0 e
f ym 2” ldy f Y dy f yzn m— 1dy
1+yn /1+yn

where it is to be noted that in the forms III and IV, likewise in V and VI the
numerators and the denominators are equal to each other.

COROLLARY 7

§57 In similar manner we will have as many formulas for cos ' 7r which are:

y’”*ldy f ym—lfy
4 T (ry)2 ¥
I. . , L = Il ViR T
yin—mfldy Zf y dy’ f y"ldy
n [ S Ty Ty
y%nfldy f y—m 1dy f y%n 1ld]/
m m
ry, i N (e L A R e L
: n—m—1 / : m-— 1d ’ : lrHrm 1 :
2y [ y2" ™ dy
f i 1+y" f n
1+y T+y
SCHOLIUM

§58 Hence it is possible to deduce even formulas for the tangent of the angle
#it; I will exhibit the simpler ones of them here:

1_ 1 2" 1d 2n m— ]d
y2 " gy y2" dy y y
m o IW m f 1+J 1—7 f 1+y 1—7
tanzﬂ:—w, tan —mr = v ldy = T
= I =
+]/ (1+y )2+n 1+y

Further, extraordinary properties will become known from the combination
of these formulas; as if it was n = 4 and m = 1, it will be
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d ydy ydy
1 T 1+yy4_f\/1+y:f\/1+y :f

= d d d dy
Y Y R

whence it is concluded that it will be

/ ydy :/ dy
V(L+yt)? V(I +yt)?

in the case y = oo or that it is

[t e

but I will not spend more time in finding such properties here.
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